Abstract. Within the context of traditional life insurance, a model-independent relationship about how the market value of assets is attributed to the best estimate, the value of in-force business and tax is established. This relationship holds true for any portfolio under run-off assumptions and can be used for the validation of models set up for Solvency II best estimate calculation. Furthermore, we derive a lower bound for the value of future discretionary benefits. Again, this bound can be used in practice for validation purposes.
Introduction
Per 1 January 2016 the European Union has implemented a new insurance regulation scheme called Solvency II. The own funds in this regime essentially equal the excess of the market value of assets over the market value of liabilities.
In the context of traditional life insurance products, with a well-defined profit sharing mechanism, the market value of liabilities (or: Solvency II technical provisions) is dominated by one -highly intricate-object: the best estimate. Indeed, for the aggregated Austrian market we have, per year end 2016, the following situation (in EUR million):
Technical provisions life (excluding health and index-linked and unit-linked) 59 Again, the risk margin amounts to 1.6% of the best estimate. All these numbers are taken from the EIOPA insurance statistics web-site [10] . Thus, own funds of the company strongly depend on the value of the best estimate (BE). Unfortunately, best estimate calculation for traditional life insurance books is a very difficult problem and its result generally subject to considerable modelling uncertainty.
To get an idea of the impact of errors or uncertainty of BE calculation consider the following, not untypical, sand-box life insurance example:
Best Estimate 3'864 Eligible Own Funds 572 Solvency Capital Requirement (SCR) 292
In fact, these numbers are not arbitrary but represent (in billion EUR) the European aggregate values taken from [11] for the base line scenario. The corresponding solvency ratio is thus 572/292 ∼ = 196%. There are two (not unrelated) points to be made here: The eligible own funds are one magnitude smaller than the technical provisions, which we have identified with the best estimate for the sake of exposition. Secondly, an increase of the best estimate by only 1% would result in a decrease of solvency ratio by 0.01 · 3 ′ 864/292 ∼ = 13 percentage points. An increase by 10% would yield a solvency ratio below 100%, i.e. insolvency. Here we assumed the SCR to remain unchanged by an increase in BE. In reality the SCR would increase with increasing BE, whence the resulting solvency ratio would be even smaller.
In fact, [11] has considered mainly but not exclusively life insurance companies. If one were to include only traditional life insurance books in the sample, the impact of best estimate changes on solvency ratios should be expected to be even stronger.
We cite these numbers in order to stress the importance of reliable and stable best estimate calculation. It is, in our opinion, only a slight exaggeration to say that (for traditional life insurance books) the value of the solvency capital requirement is irrelevant as long as that of the best estimate has not been verified.
In order to calculate a best estimate for traditional life insurance in accordance with Solvency II regulation one has to set up an asset liability model which generates cash-flows according to local general accounting principles. In particular, such a model has to keep track of book and market values of assets under management and generate a return on assets that is in line with realistic management actions. Furthermore, a stochastic economic scenario generator is needed to model the asset portfolio and the relevant discount rates. In other words, the best estimate is a highly exotic derivative on the company's portfolio of assets. It is therefore not surprising that there are no closed formulas for best estimate valuation.
The goal of this paper is to present two results, Propositions 1.4 and 2.6, which provide simple and effective tools for best estimate validation. These validation tools are the next best thing to having a closed formula for best estimate calculation in the sense that they are analytical and model-independent. That is, they have to hold for any best estimate calculation in the context of life insurance with profit sharing -as long as certain assumptions are met. These assumptions are explicitly spelled out and subsequently discussed in Sections 1.C and 2.C.
Conclusions concerning our results are discussed in Section 3. Disclaimer: The views expressed in this article reflect the authors' personal opinions and do not necessarily coincide with those of the Austrian Financial Market Authority (FMA).
1.
A basic equation of traditional life insurance valuation 1.A. Traditional life insurance company. We consider a company selling traditional life insurance business. Traditional means in this context that there is a procedure of profit participation which is defined by local general accounting principles. Let us assume: Assumption 1.1. The liability book consists of two items:
(1) T R, the technical reserves; (2) SF , the surplus fund.
The technical reserves are made up of the individual statutory reserves. Thus to each insurance contract there corresponds a well-defined reserve and T R is the sum of all the individual reserves. The surplus fund, on the other hand, is an additional balance sheet item that belongs to the collection of insured viewed as a whole, whence it belongs to the liability book. However, it cannot be assigned to any individual contracts. Its purpose is to smoothen the declaration of profit participation over time.
The book values BV (T R) and BV (SF ) of T R and SF , respectively, are well-defined balance sheet items in the realm of the local accounting principles (see [12, §144] for the Austrian version). The objective of this section is to derive a general and model-independent relation for the associated best estimate, which is an item of the company's Solvency II balance sheet. This derivation depends on a number of assumptions which are discussed below in Subsection 1.C. Let us just remark here that this relation cannot be expected to be (or even imply) an analytical formula for the best estimate (in terms of model-independent quantities). As already remarked in the introduction, the best estimate can be viewed as a highly exotic option on the company's basket of assets.
1.B. The basic equation. We work on a discrete time grid 0, . . . , T . In practice time will be measured in years and T will be the time until the run-off of (a sufficiently large percentage of) the portfolio. Usually T is 60 years or even more. All our stochastic processes are assumed to be adapted to some underlying filtered probability space satisfying the usual assumptions.
Consider a set of traditional life insurance contracts X .
Each x ∈ X can be thought of as an individual contract or a model point consisting of a number of contracts considered to be equivalent. We do not go into the details of classical insurance mathematics since this is a very well developed subject. We just note that x could be any of the traditional life insurance products (standard contract, lumps sum payment, annuity, . . . ) presented in the literature -see [2] for example. Assume we have fixed an interest rate model so that the corresponding bank account numeraire is denoted by B t , t = 0, . . . , T, B 0 = 1. Let Q be the risk neutral martingale measure associated to our interest rate model or, more generally, our model of the economy. For 0 ≤ t ≤ s let P (t, s) be the time t-value of a pay-out of one unit of currency at time s. Then, for any standard interest rate model, it is true that (1.1) B −1 t P (t, s) is a Q-martingale with respect to the filtration underlying the interest rate model. For instance, this holds for short rate models or Libor Market Models. In fact, Condition (1.1) is just the no-arbitrage condition that is also used prominently in [4, Equation (3.2) ]. In order to get an arbitrage free model, this condition is necessary due to the fundamental theorem of asset pricing, see [1] . The most commonly used models are various realizations belonging to the class of Libor Market Models. In terms of simple one-year forward rates F t the bank account is given as the roll-over investment B t = Π t s=1 (1 + F s ). The best estimate BE associated to X is then defined as
where cf x,t is the cash-flow at time t generated by contract x. The cash flow has to take into account all relevant premia, benefits and costs -see [8, Article 28] .
denote the book value of the liability portfolio at time t. The liability portfolio is covered by assets whose book value is assumed to equal BV t . That is, we make the following simplification:
The company does not have any equity under the local general accounting rules.
This assumption is, of course, very unrealistic. Its meaning is discussed in Subsection 1.C where we will see that no generality is lost. We denote the total market value of the company's assets at time t by MV t .
The market value of assets MV t will change from one period to the next due to market movements. The same is true, albeit in a more complicated manner, for the book value BV t : it changes due to coupon payments, dividend yield, realization of unrealized gains (whose value depends again on market movements) etc. The precise manner in which this happens depends on the company's management rules and valuation choices (such as the lower of cost or market principle). Regardless of the specific management rules and choices we denote the company's book value return on BV t by roa t+1
and emphasize that this is the book value return before corporate tax. For the next statement we note that we call market value induced changes in book value those changes which follow, e.g., from the lower of cost or market principle or the realization of unrealized gains.
Criterion 1.3 (Monetary conservation principle).
All changes in the book value of assets BV t are either due to a cash-flow or due to a market value induced change in book value.
This property is both obvious and fundamental. It can also be viewed as no-leakage and selffinancing property: up to cash-flows, changes in the book value of the asset portfolio can only be due to interest rate or other (such as: stock) market effects. As usual with self-financing statements in discrete time, this requirement is immediately obvious. Nevertheless the above criterion is important in practice as it provides a simple yet challenging validation test for the inspection of real models -Proposition 1.4.
Let us further elaborate on the no-leakage statement. To this end, we denote by tax t the corporate tax and by sh t the share holder gains at t. Now, since cf t = x∈X cf x,t already includes all policy holder and cost cash-flows the no-leakage criterion amounts to
Let us define the unexpected return by
where
is the simple forward rate from t − 1 to t implied by our interest rate model. Then, expanding BV t−1 = (1 + F t )BV t−1 − F t BV t−1 , we find that
Taking the expected value with respect to the risk-neutral measure Q, this becomes
is the so-called value of in-force business and
is the value of tax payments. The value of in-force business is the model dependent part of the market consistent embedded value MCEV which is generally expressed as
where F C 0 is the market value of the free capital at time t = 0. The MCEV is a measure for the shareholder to determine how well the money is invested. Up to required capital and associated frictional costs this definition coincides with that of [5] . Let us call UG t := MV t − BV t the unrealized gains.
Proposition 1.4 (Basic equation of market consistent valuation).
Let T be the projection horizon and assume that all assets are realized at T such that UG T = 0. Then
In this statement ≈ means equality for all practical valuation purposes. We remark that there is no advantage in defining the relation ≈ in a more mathematical manner. Practically the remainder term E Q B −1 T MV T /MV 0 should be of the same order as the result of the leakage test, which would be the difference of the two sides of equation (1.5). As a rule of thumb this should not exceed 1‰, otherwise the impact of potential error on own funds would be too large -compare with the introduction.
Proof. Let A t denote the company's set of assets under management at time t. It is clear that ur t = a∈A t−1 ur a,t where ur a,t is the contribution stemming from asset a and the sum is over all assets in the portfolio at time t − 1. At the 'end of time' T all assets are realized such that UG T = 0. Now, for any asset a ∈ A 0 we have
where a * t (resp. a t ) is the time t book (resp. market) value of a, T a ≤ T is the maturity of a, cf a,t is the assets cash-flow (coupon, dividend payment, etc.) at t, and, necessarily, a Ta = a * Ta . Since
Ta a Ta this implies that
Assets that are bought in the course of reinvestment at t > 0 clearly satisfy UG a,t = 0. Hence the same reasoning implies that
where A t denotes the asset portfolio at time t and the result is independent of the particular reinvestment strategy. The statement now follows from Equation (1.4).
1.C. Discussion of assumptions. Assumption 1.1 is very generic. All we need at this point are well-defined book and market values for the liability side of the balance sheet. If the cashflows in equation (1.2) depend on additional provisions, these should be accordingly added to BV 0 and UG 0 in (1.5). Obviously, if the surplus fund position SF is not applicable, it should be omitted. Assumption 1.2 is only at first sight a strong constraint. Clearly, actual companies will hold strictly positive equity. Again, the relevant position should be added to the left hand side of (1.5). For the right hand side, however, the statement E Q B −1 T MV T /MV 0 ≈ 0 will now not be true anymore. The position MV T will still contain own funds. For actual validation purposes regarding (1.5) it is thus advisable to keep track of equity separately.
2. An analytic lower bound for future discretionary benefits
The goal of this section is to derive an analytic, i.e. model-independent, formula for the value of future discretionary benefits. To do so, we make a number of assumptions. These are discussed in Section 2.C below.
2.A.
The lower bound formula. The best estimate can be written as
where GB is the value of all future cash flows that are already guaranteed at time of calculation t = 0. Thus GB is independent from all future developments and therefore purely deterministic. In particular, its value is independent of all management actions and economic scenarios. On the other hand, F DB stands for future discretionary benefits and denotes the value of those cash flows that arise via the (future) profit sharing mechanism. Solvency II requires that F DB be reported separately as a part of the best estimate.
The profit sharing mechanism dictates that the collective of policy holders receives a yearly accounting flow ph * t . Assumption 2.1. We assume that this mechanism is clearly defined by legislature and stable management rules. Assumption 2.2. The gross policy holder profit participation rate gph is constant. This is the rate with which the policy holder participates in the company's declared gross surplus gs. It does not say anything about the company's return.
We emphasize that ph * t is an accounting flow and not a cash flow in the proper sense of the term. Observe that
where we have used the splitting gs * t = sh t + ph * t + tax t and sh t , tax t are the respective share holder, tax cash flows, and x + = max(x, 0). Note that sh t can be negative, which corresponds to the case of share holder capital injection.
Since we are interested in an analytic formula for an object that depends on a number of management rules and accounting principles, we need to fix some generic rules: Assumption 2.3. The policy holder participation ph * t is negatively correlated with discount rate movements. I.e., policy holder participation will generally increase when interest rates increase: Corr[B −1 t , ph * t ] < 0. Assumption 2.4. We assume, for the purpose of exposition, that the liability book consists of only one contract and that the time to maturity of this contract is M. Alternatively, we could assume that M is the weighted mean time to maturity of all contracts. Assumption 2.5. Insurance technical gains are deterministic. I.e., we do not consider stochastic mortality modelling or stochastic (and/or dynamical) surrender behavior.
Notice that the future discretionary benefits that the policy holder receives at time of maturity M are exactly the sum t≤M ph * t of accumulated policy holder profits. This is actually a tricky point and holds only because we assume that policy holder survival probabilities (mortality, surrender, etc.) have already been taken into account. At the same time we do not list this point as an assumption because it only means that we regard cash flows of surviving policy holders.
Notice that
where we have bounded the correlation
Note that, if forward rates are positive, this maximum is simply max 1≤t≤M E[B t ] = 1 for better readability and because the error is negligible. The point is, in any case, that this term is deterministic and can be calculated from the initial forward curve.
Then we have the lower bound (2.10)
Proof. The inequality follows from equations (2.7), (2.8), (2.9) and Proposition 1.4.
2.B. Concrete numbers.
Let us fix M = 15. It is our experience that typical life insurance portfolio have an average time to maturity between 10 and 15 years. In concrete situations this is a number that should be adapted to the company under investigation.
Assumption 2.7. Surplus funds are bounded by the technical reserve, i.e., SF t ≤ θT R t where θ < 1 is constant. 
Assumption 2.9. Finally, interest rate variance should also be reasonably bounded. For our purposes this amounts to assuming that the standard deviation of the 15 year discount factor does not exceed 20%.
As of 31.12.2017 the 15Y EIOPA discount rate is 84% = E[B . We thus obtain
Using Proposition (1.4) with A T = 0 (because of assumption 2.7) the result is the following simple formula. Proposition 2.10.
2.C. Discussion of assumptions. Assumption 2.1 is one that is necessary for any asset liability model that could be employed for best estimate calculation. It is also necessary for our derivation of the lower bound formula. Under Austrian law ( [6] ) companies are required to share at least 85% of their net profits with policy holders. As the surplus fund (traditionally) belongs to the liability side, this sharing mechanism does not imply that 85% of net profits are directly declared to specific policy holder accounts. Rather the profits are shared with the surplus fund and then may be used in the future, according to discretionary management rules, to increase policy holder profits. We also remark that the situation is very similar in Germany. The Solvency II requirement for realistic modelling of future management actions is spelled out in [8, Article 23]. Assumption 2.2 means that the profit sharing rate and the tax rate are constant. The assumption that the tax rate is constant is important for our purposes. In Austria this rate is 25%. In principle companies could use dynamic profit sharing rates above the minimal required rate. However, this would only increase future discretionary benefits, whence Proposition 2.6 would continue to hold. Assumption 2.3 can be seen as a consequence of Solvency II's going concern hypothesis [7, Article 101]. Indeed, if interest rates go up, one would assume that companies increase their policy holder profit declarations in order to remain a competitive participant of the market.
We consider assumption 2.4 as one of our strongest assumptions. In practice M should be the weighted mean of times to maturities of all policy holder contracts. It would be interesting to refine formula 2.10 by taking into account different maturity times. Assumption 2.5 is, in our opinion, a mild one. First of all an increase of variance in technical gains would lead to an increase in F DB, whence the lower bound (2.10) would not be violated. Secondly, it is our experience that mortality and lapse rates are, already for medium size companies, surprisingly constant.
Assumption 2.7 means that assets cannot be kept within the company indefinitely. This assumption is necessary in order to apply Proposition (1.4) with E Q [B −1 T MV T ] = 0. For modelling purposes it is usually assumed that SF t ≤ θR t where the concrete value of θ < 1 depends on the country and is defined as part of the future management rules: for Austria a θ of 10% would already seem quite high, while in Germany a higher value could be reasonable. Assumption 2.8 reflects a typical goal of management. In fact, the very purpose of the surplus fund is to keep policy holder participation stable over time. Further, we remark that (2.8) involves a product of two standard deviations. Thus even a higher value for sd[ ph * t ] would not have significant impact on (2.11). Finally, it makes sense to assume that the percentage standard deviation of ph * t is smaller than that of the discount factor: management typically tries to follow interest rate movements in profit sharing declaration but, at the same time, tries to avoid strong jumps in the declaration. Assumption 2.9 depends on historical data. In fact, the yearly standard deviation of the EIOPA 15-year discount rate for the monthly sample from 12/2014 to 12/2017 ( [13] ) equals approximately 12%. Again, we remark that (2.8) involves a product of two standard deviations. The point is that the the depreciation in (2.10) is mainly due to discounting effects.
Discussion of results

3.
A. The basic equation. Best estimate calculation for traditional life insurance products pertains to the realm of valuation of highly exotic interest rate derivatives. It is therefore not surprising that there is no closed formula for this task. Rather one usually follows a Monte Carlo routine where the cash flows are generated by means of an asset liability model.
The virtue of equation (1.5) is thus that it is a closed formula and has to hold for all asset liability models (that are market consistent and satisfy assumptions 1.1 and 1.2). In other words it is a model free equation for an otherwise very intractable object, namely the best estimate.
Of course, this does not mean that we can compute the best estimate solely based on equation (1.5). The terms V IF and T AX are just as hard to compute as BE. The practical value of this equation rather is tied to the fact that it gives a very straightforward validation test for any market consistent best estimate calculation model. Indeed, once one has such a model, the terms of (1.5) are all equally easy (or hard) to compute, and one can simply check whether the equation is fulfilled.
This validation procedure can be viewed as a leakage test. It basically validates two properties:
All cash flows are accounted for -nothing is "lost" by the numerical model. The (numerically generated) economic scenarios are free of arbitrage.
It seems to us that this test is well-known to at least parts of the applied insurance mathematics community as a kind of "folklore wisdom". We remark here that we have found this formula independently. More importantly, we do not know of any literature which explicitly states this formula and, much less, of any references where the assumptions have been spelled out in a rigorous manner.
Because of the highly complex nature of best estimate calculation for traditional life insurance products we find the existence of simple and general validation techniques to be very important. For example, this is a verification that may be also carried out by the regulator as a part of an on-site inspection.
Concerning the second statement of Proposition 1.4, we note that it is a standard management rule that the surplus fund SF t does not exceed a certain fraction of the technical reserve T R t . Then E Q [B −1 T MV T ] is very small in comparison to A 0 . This is due to the fact that at T (almost) all contracts are terminated and the discounting effect is also quite strong. Remember that T typically corresponds to 60 years or more. Laimer [3] has verified in her diploma thesis that Equation (1.5) does indeed hold with E Q [B −1 T MV T ]/A 0 = 0 up to numerical errors. To do so, she employed a best estimate calculation tool proprietary to the FMA Austria and used several concrete traditional life insurance portfolios. Equation (1.5) also says that maximizing the value of in-force business is the same as minimizing the sum of best estimate and tax liabilities. To achieve one of these goals, and therefore both, one can try to optimize the (re-)investment strategy. From the shareholder perspective the objective is, of course, to maximize the value of in-force business and (simultaneously) to minimize the best estimate.
As an aside we note that another approach would be to 'transfer' cash flows from BE to T AX. This is theoretically possible due to certain local GAP rules. However, in practice the company would have to justify such a management rule which amounts to preferring tax payments over policy holder satisfaction.
3.B.
The lower bound formula. The best estimate can be viewed as a sum of guaranteed cash flows GB and future discretionary benefits F DB. Moreover, it is a Solvency II requirement to report F DB separately as part of the best estimate ([9, Template S.12.01.01]).
The guaranteed benefits depend on second order assumptions concerning, e.g., mortality and surrender but are otherwise completely model-independent. In particular, they do not depend on future management actions or economic scenarios. Indeed, these are fixed cash flows whence they can be valuated deterministically using only the initial risk-free (EIOPA-) interest rate curve.
On the other hand, the calculation of future discretionary benefits F DB involves all the intricacies of best estimate valuation. We could repeat the above remarks regarding the unlikelyhood of finding a closed formula for the F DB in the context of traditional life insurance business. However, the next best thing to a closed formula for the F DB is a lower bound, and this is what Proposition 2.6 achieves.
Clearly this lower bound cannot be used for reporting purposes since the true F DB could be considerably larger. We see three important applications for this estimate:
It can be used by the company as an immediate test for their F DB calculated by means of a numerical asset liabilty model. It can be used by the company as a target towards which to optimize the F DB by a clever choice of admissible management rules (reinvestment strategy etc.) It can be used by the regulator as a simple on-or off-site plausibility check for reported F DBs. Indeed, all the necessary items for this check are either part of standard reporting templates or publicly available (the EIOPA interest rate curve).
Needless to say, all of this works only if the assumptions discussed in Section 2.C are either directly met or suitably amended. In this context we reiterate that we do make use of some crucial management rules. It cannot be expected to obtain such a formula without some kind of generic assumptions regarding management actions.
With F DB = P H * we would still obtain F DB = 80%(A 0 − GB). Thus (2.10) is sharp in this sense. This is not surprising since the effect of declaring ph * t as an accounting flow with the corresponding cash flow following at a later point in time is a loss due to interest rate effects. However, in the current low interest rate environment the difference between immediate and later payout is not of paramount importance.
Finally, note that the change in the F DB is not linear in the discount factor. This is in contrast to the guaranteed benefits GB where this dependence is certainly linear.
Open problems
There are many open problems in the context of best estimate valuation for traditional life insurance business. While these problems are very interesting, it was not our goal to touch them in the present article.
(1) The optimal (re-)investment strategy: from the share holder's perspective the most important management goal is to maximize (resp. minimize) the value of in-force business (resp. the best estimate). This is a stochastic optimization problem on a finite discrete time grid. Hence the solution is, in principle, given by the stochastic dynamic programming principle.
Nevertheless, the precise statement, let alone solution, of the problem is far from trivial. Similarly, it would be interesting to have a general set of rules of how to calculate a useful replicating portfolio. (4) Economic scenario generators (ESGs): The model depends on the economic (interest rate, equity, real estate, etc.) scenarios that are used. It is a major open question to decide which ESGs are most suitable for best estimate calculation. Besides being free of arbitrage and market consistent, the model should also be stable, realistic and in some sense adapted to the properties of the liabilities, which have a very long projection horizon. A precise and practicable formulation of these requirements would be very useful.
